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Abstract 

We derive some important features of the standard quantum me- 
chanics from a certain classical-hke model - prequantum classical sta- 
tistical field theory, PCSFT. In this approach correspondence between 
classical and quantum quantities is established through asymptotic ex- 
pansions. PCSFT induces not only linear Schrodinger's equation, but 
also its nonlinear generalizations. This coupling with "nonlinear wave 
mechanics" is used to evaluate the small parameter of PCSFT. 

Keywords: prequantum classical statistical field theory, asymptotic 
expansions, nonlinear wave mechanics 

1 Introduction 

We demonstrated in [1] that averages of quantum observables can 
be considered as approximations of averages of classical variables on 
Hilbert phase space, see similarities but also differences with the schemes 
of [2]-[4] (see also [5]-[12] on various attempts to go beyond quantum 
mechanics). By choosing a special representation of the infinite dimen- 
sional configuration space, namely as the L2(R^)-space, we obtain the 
following representation of the phase space: 

= L2(R^) xL2(R3). (1) 
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In such a representation points of the prequantum phase space can 
be interpreted as classical (vector) fields, ^j{x) = {q{x),p{x)). There- 
fore we called our model prequantum classical statistical field theory, 
PCSFT. 

The correspondence between PCSFT and QM is asymptotic: we 
expand classical ("prequantum") averages with respect to a small pa- 
rameter a - the dispersion of vacuum fluctuations. The main term in 
this expansion is given by the quantum average. We call our approach 
asymptotic dequantization. We emphasize that we develop the classi- 
cal (statistical) theory which does not reproduce exactly QM. There is 
only an asymptotic coupling between classical and quantum models. 
To come with concrete experimental predictions, we should evaluate 
the small parameter a of the model. We do this in the present note 
by exploring the relation between PCSFT and theory of nonlinear 
Schrodinger's equation - "nonlinear wave mechanics," [13]-[16]. 

We point out that PCSFT induces not only conventional linear 
Schrodinger's equation, but also so called nonlinear Schrodinger's equa- 
tions, cf. [13]-[16]. In PCSFT these nonlinear Schrodinger equa- 
tions appear very naturally as infinite dimensional Hamilton equations. 
Hence the PCSFT-approach to QM could be considered as additional 
justification of nonlinearity of dynamics on prequantum scales. On the 
other hand, since the small parameter a of PCSFT can be identified 
with the coupling constant (denoted by b in [13], [14], [16]) in nonlinear 
Schrodinger equations, we can apply experimental estimates [14] for 
this coupling constant to evaluate the a, see section 7. 

2 Asymptotic statistical correspondence 
between classical and quantum models 

We define "classical statistical models'' in the following way, see [1] for 
more detail: a) physical states lj are represented by points of some 
set J7 (state space); b) physical variables are represented by functions 
/ : J7 — R belonging to some functional space V{fl); c) statistical 
states are represented by probability measures on Q belonging to some 
class S{0,); d) the average of a physical variable (which is represented 
by a function / G V{Q)) with respect to a statistical state (which is 
represented by a probability measure p G S{^)) is given by 

<f>p^ I fWdpW. (2) 
Jn 
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A classical statistical model is a pair M = {S,V). We recall that 
classical statistical mechanics on the phase space = 11"" x 11" 
gives an example of a classical statistical model. But we shall not 
be interested in this example in our further considerations. We shall 
develop a classical statistical model with infinite- dimensional phase- 
space. 

The conventional quantum statistical model with the complex Hilbert 
state space Qc is described in the following way (see Dirac-von Neu- 
mann [17], [18] for the conventional complex model): a) physical ob- 
servables are represented by operators A : il.c ^ belonging to the 
class of continuous self-adjoint operators Cg = JCs{^c)] b) statistical 
states are represented by von Neumann density operators, see [18] (the 
class of such operators is denoted by P = P(f2c)); d) the average of a 
physical observable (which is represented by the operator A € £s(r2c)) 
with respect to a statistical state (which is represented by the density 
operator D G V{Q,c)) is given by von Neumann's formula [18]: 

<A>z5=TrDA (3) 

The quantum statistical model is the pair A^quant = {T^iCs)- 

We are looking for a classical statistical model M = {S, V) which 
will give "dequantization" of the quantum model A/quant = C^^^s)- 
Here the meaning of "dequantization" should be specified. In fact, all 
"NO-GO" theorems (e.g., von Neumann, Kochen-Specker, Bell,...) can 
be interpreted as theorems about impossibility of various dequantiza- 
tion procedures. Therefore we should define the procedure of dequan- 
tization in such a way that there will be no contradiction with known 
"NO-GO" theorems, but our dequantization procedure still will be nat- 
ural from the physical viewpoint. We define (asymptotic) dequantiza- 
tion as a family M" = {S°',V) of classical statistical models depending 
on a small parameter a > 0. There should exist maps T : S" ^ T) 
and T : V ^ £s such that: a) both maps are surjections (so all quan- 
tum states and observables can be represented as images of classical 
statistical states and variables, respectively); b) the map T : V ^ Cs 
is R-linear (we recall that we consider real-valued classical physical 
variables); c) classical and quantum averages are coupled through the 
following asymptotic equality: 

< / >p= - < T(/) >r(^) +o(a), a^O (4) 

(here < T{f) >t(p) is the quantum average). This equality can be 
interpreted in the following way. Let /(V') be a classical physical vari- 
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able (describing properties of microsystems - classical fields having very 
small magnitude a). We define its amplification by: fai'ip) = ^/(V')- 
If we interpret a as the intensity of vacuum fluctuations, then fa{ip) is 
the relative intensity of f{ijj) with respect to vacuum fluctuations. By 
dividing both sides of the equation Q by a we obtain: 



Hence: The quantum term gives the main contribution into the relative 
intensity with respect to vacuum fluctuations. The crucial difference 
from dequantizations considered in known "NO-GO" theorems (e.g., 
von Neumann, Kochen-Specker, Bell) is that in our case classical and 
quantum averages are equal only asymptotically. 



3 Prequantum classical statistical model 
with the infinite dimensional phase space 



We choose the phase space f2 = Q x P, where Q = P = H and 
H is the infinite-dimensional real (separable) Hilbert space. We con- 
sider Vt, as the real Hilbert space with the scalar product (V'i,V'2) = 
{0.1^0.2) + (pi>P2)- We denote by J the symplectic operator on : J = 



operators A : VL ^ Q. which commute with the symplectic operator: 



This is a subalgebra of the algebra of bounded linear operators C{Vt). 
We also consider the space of £symp,s(^) consisting of self-adjoint op- 
erators. 

By using the operator J we can introduce on the phase space O 
the complex structure. Here J is realized as —i. We denote 17 endowed 
with this complex structure hy Q.c '■ = Q ® iP- We shall use it 
later. At the moment consider as a real linear space and consider 
its complexification Q,^ = $7 © iil. 

Let us consider the functional space Vsympi^) consisting of func- 
tions / : ^ R such that: a) the state of vacuum is preserved : 
/(O) = 0; b) / is J-invariant: /{Jip) = f{ip); c) / can be extended 
to the analytic function / : C having the exponential growth: 

|/(V')I ^ c/e'"-''!!^!! for some Cf,rf > and for all tp G $7*-'. We remark 



< fa >p= \ < T{f) >T(p) +0(1), a ^ 0, 



(5) 




. Let us consider the class £symp(17) of bounded R-linear 



AJ = J A 



(6) 
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that the possibihty to extend a function / analytically onto and 
the exponential estimate on O*" plays the important role in the asymp- 
totic expansion of integrals over the infinite dimensional phase space. ^ 
But this is purely mathematical condition which could be in principle 
weakened. 

The following elemntary mathematical result plays the fundamen- 
tal role in establishing classical quantum correspondence: Let f be 
a smooth J -invariant function. Then /"(O) G -Csympislf^)- In particu- 
lar, a quadratic form is J-invariant iff it is determined by an operator 
belonging to £symp,s(^^)- 

We consider the space statistical states S'^jj^p(O) consisting of mea- 
sures /9 on J7 such that: a) p is symmetric (in particular, its mean value 
equals to zero); b) the dispersion of p is equal to a : 

<^\p) = I Ufdpii:) = a, a ^ 0; 
JQ. 

c) p is J-invariant; d) for any r > the exponential function e^H^" is 
integrable. The latter condition is a purely mathematical one and it 
could be weakened. Such measures describe small statistical fluctua- 
tions of the vacuum field. 

The following trivial mathematical result plays the fundamental 
role in establishing classical quantum correspondence: Let a mea- 
sure p he J-invariant. Then its covariation operator B = cov p € 
^■syrap,siP')- Here {Byi,y2) = J{yi,ip){y2,ij)dp{ip). 

We now consider the complex realization ftc of the phase space and 
the corresponding complex scalar product <•,•>. We remark that 
the class of operators >Csymp(^) is mapped onto the class of C-linear 
operators C{Qc)- 

We also define for any measure its complex covariation operator 
B'^ = cav^p by < B'^yi,y2 >= J < yijtp >< ip,y2 > dpi''!')- We re- 
mark that for a J-invariant measure p its complex and real covariation 
operators are related as B'^ = 2B. 

As in the real case [1], we can prove that for any operator A G 

■^symp,s(^) • 

/ < Aijj, ijj > dp{'^) = Tr cov^p A. (7) 
Jn 

We pay attention that the trace is considered with respect to the com- 
plex inner product. We remark that this formula has been already 

^Td get a mathematically rigor formulation, conditions in [1] should be reformulated 
in the similar way. 
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used by Bach [19] for representing quantum averages. The crucial dif- 
ference from Bach's approach is that we consider arbitrary functionals 
of V' and we shall obtain an asymptotic relation between classical and 
quantum averages. 

We consider now the one parameter family of classical statistical 
models: 

= (5s%p(^^), Vsy.np(f^)), « > 0, (8) 

Theorem 1. Let f £ Vsymp(f^) and let p G 'S'^mp(^)- Then the 
following asymptotic equality holds: 

a 

<f>p=- Tr f"(0) + o(a), a ^ 0, (9) 

where the operator = cov^ pscai o,nd Pscai is the y/a-scaling of the 
measure p. Here o{a) = a'^R{a, f, p), where \R{a,f,p)\ < Cf J^^ e'"^ll*l'(ip. 

Here and everywhere below we use the symbols ip and ^' to denote 
"prequantum field" and its scaling, respectively: 

tfj = ^qi. (10) 

We see that the classical average (computed in the model = 
{Sgy^p{0,) ,Vsyrap{^)) by using the measure-theoretic approach) is cou- 
pled through (PI) to the quantum average (computed in the model 
-Equant = O^i^c), ^s{^c)) by the von Neumann trace- formula) . 

The equality ^ can be used as the motivation for defining the 
following classical — > quantum map T from the classical statistical 
model M" = (5*^ gymp' ^symp) onto the quantum statistical model 

-Equant = ij^ i Cs) '• 

r : 5,%p(0) ^ P(0,), I)^ = r(/5) = COV^scal (11) 

(the measure p is represented by the density matrix D'^ which is equal 
to the complex covariation operator of its -y/a-scaling ); 

T-.Vsyrnpm^CsiQc), Equant = T(/) = /"(O). (12) 

Our previous considerations can be presented as 

Theorem 2. The one parametric family of classical statistical 
models M" = {S"y^p{^l),Vsymp{^)) provides asymptotic dequantiza- 
tion of the quantum model A'^quant = (^(^c), >Cs(^ic)) through the pair 
of maps and The classical and quantum averages are coupled 

by the asymptotic equality 
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4 Infinite dimension of physical space 



This is a good place to discuss the model of physical space in PCSFT. 
Here the real physical space is Hilbert space. If we choose the realiza- 
tion H = L2(R'^), then we obtain the realization of H as the space 
of classical fields on R'^. So the conventional space R"^ appears only 
through this special representation of the Hilbert configuration space. 
Dynamics in in just a shadow of dynamics in the space of fields. 
However, we can choose other representations of the Hilbert configura- 
tion space. In this way we shall obtain classical fields defined on other 
"physical spaces." 

We remark that at the first sight the situation with development of 
PCSFT is somewhat reminiscent of the one confronted by Scrodinger 
in his introduction of his wave equation, which "maps" waves in the 
configuration space. However, even though he had, just as did Ein- 
stein, major reservations concerning quantum mechanics as the ulti- 
mate theory of quantum phenomena, Scrodinger never went so far as 
to see any space other than R^ as real.^ 

On the other hand, string theory does introduce spaces of higher 
dimensions, although not of infinite dimensions. This approach was 
one of inspirations for our radical viewpoint to physical space. One 
could speculate that on scales of quantum gravity and string theory 
space became infinite dimensional, just as those theories the space has 
the (finite) dimension higher than three. ^ 

5 Hamilton- Schrodinger dynamics 

States of systems with the infinite number of degrees of freedom - 
classical fields - are represented by points 'ijj = {q,p) € $1; evolution of 

^We point out L. De Broglie in his theory of double solution emphasized the funda- 
mental role of physical space R^. Such a viewpoint also was common for adherents of 
Bohmian mechanics (in any case for D. Bohm and .J. Bell). However, recently B. Hiley 
started to consider the momentum representation of Bohmian mechanics [20] and it seems 
that in Hiley's approach to Bohmian mechanics the position representation does not play 
an exceptional role. 

^In our approach quantum theory is not the ultimate theory. It has its boundaries of 
applications. Therefore there are no reasons to expect that "quantum gravity" should exist 
at all. Thus it would be better to speak not about scales of quantum gravity and string 
theory, but simply about the Planck scale for length and time. 
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a state is described by the Hamiltonian equations: 

First we consider a quadratic Hamilton function: 'H{qjp) = ^(Ht/', V')) 
where H : O — > is an arbitrary symmetric (bounded) operator. In 
this special case the Hamiltonian equations have the form: q = H2iq' + 

H22P, P = — (Hug + Hi2p), or '0 = ( ) = JUij;. Thus quadratic 



P 

Hamilton functions induce linear Hamilton equations. We get tpit) = 
Utt/j, where Ut = e^^^. The map C/jV is a linear Hamiltonian flow on 

the phase space Q.. 

(R T 
T R 

This operator defines the quadratic Hamilton function 'H{q,p) = 
^[{Rp,p) + 2{Tp, q) + {Rq, q)], where R* = R, T* = -T. Correspond- 
ing Hamiltonian equations have the form q = Rp—Tq, p = —{Rq+Tp). 
We pay attention that for a J-invariant Hamilton function, the Hamil- 
tonian fiow Ut £ £symp(f^)- By considering the complex structure on 
the infinite-dimensional phase space we write the latter Hamiltonian 
equations in the form of the Schodinger equation on Qc '■ 

its solution has the following complex representation: ip{t) = Utip, Ut = 
g-iHt_ consider the Planck system of units in that h = 1. This is the 
complex representation of flows corresponding to quadratic J-invariant 

Hamilton functions. 

However, in our approach there are no reasons to restrict consid- 
erations by quadratic (J-invariant) Hamilton functions. We can take 
any function H G C^{^) as the Hamilton function. It induces the 
Hamilton-Schrodinger dynamics: 

(14) 

We pay attention that the Hamilton-Schrodinger equation can be con- 
sidered for any Hamilton function which is one time continuously 
Frechet-differentiable on the infinite dimensional phase space. How- 
ever, we obtained the asymptotic expansion of classical average (on the 
infinite dimensional phase space) only for analytic physical variables. 
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Our approach could be generalized for functions of the class C^. But 
if a function does not have the second Prechet-derivative, then we are 
not able to apply technique based on the Taylor expansion and obtain 
quantum effects (which give the contribution of the second order in 
the Taylor formula), cf. problems which will be discussed in section 6. 

6 Scaling of prequantum variables 

Considerations of section 3, as well as everywhere in [1], were based on 
scaling of probability measures representing classical statistical states. 
Since there is the natural duality between measures and functions, it is 
possible to consider scaling of classical variables, instead of scaling of 
measures. It is important to consider scaling of variables, because the 
basic equation of quantum mechanics is Schrodinger's equation (which 
is an image of the classical Hamiltonian equation). For any function 
/ : — ^ R we set 

/qW = ^/(V^*)- (15) 

The /q is the result of the transition from the prequantum system 
of the ^-field coordinates to the quantum system of the ^'-field co- 
ordinates and l/ct-amplification of the classical variable /. Such a 
renormalization of / can be justified in two ways: a) through statisti- 
cal averages, b) through the Hamiltonian-Schrodinger equations. 

6.1 Statistical origin of the renormalization 

The asymptotic representation of the classical average can be written 
as 

< f/a >p= [ Zi^/^dp,eal(*) ^ / fQ{^)dpsc.m 

Ja a Jn 

= ilV COvV,eal f"(0) + o(l), « ^ 0. 

We remark that 0(0) = ^(0). Thus we have: < fg >p,,,i = 

^Tr cov'^Pscai fQ(0) + 0(1), a 0. Therefore we can consider a new 
classical model in that statistical states are given by measures fi € 
'S'symp(^) (having dispersion 1) and physical variables by functions 
9 € Vsymp(^^) (we note that any function g can be considered as scal- 
ing for some / belonging the same functional space: 5(*) = /q(^) = 
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/(v^^)/a).^ We consider the classical statistical model 

M = (5symp(^^), Vsymp(^^)) and the map T : M ^ A^quant, given by: 

r(^) = cov'^^ (16) 

T{g)=9"{Q) (17) 

This map provides dequantization of N and the following asymptotic 
equality holds: 

< fQ >M= \ < TUq) >tm « ^ 0. (18) 

6.2 Dynamical origin of renormalization 

Let us consider a Hamilton function H^ip). The corresponding Hamil- 
ton equation is given by (dJ. We now change the system of co- 
ordinates: tp = ^/a'^! and obtain the Hamilton equation in the "if- 
coordinates: 

i^ = n'Q{^). (19) 

l^T^{^p) is a quadratic (J-invariant) function, then Ti.{i/j) = TLq{^) and 
we obtain the conventional Schrodinger equation. Thus we came again 
to the same procedure of renormalization TL — > TLq of classical physical 
variables. If Ti is not quadratic, then the Schrodinger-Hamilton equa- 
tion jini) gives, in particular, so called nonlinear Schrodinger equations, 
see, e.g., [13]-[16]. For example, let W(V') = }2{H'4!,ip)+\'H/^{'ip,'4),ij),'4)), 
where 7^4 is a J-invariant form of degree four. Then 

1 - a 

Hence, the corresponding Schrodinger-Hamilton equation has the form: 

i"^ = H"^ + an'^{^,^,'^). (20) 
For example, let Q = L2(R^) and let 

?^4(^','J',^,'J') = / K4{xi,X2,X3,X4)'^{xi)'i'{x2)'^{x3) '^{x4)dxl . . . dxl. 

Jr" 

"In other words this functional space is invariant with respect to the scaling map: 
/ fq- 
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By choosing the kernel k{xi,X2,Xs,X4) = S{xi—X2)S{x2—xs)6{xs—X4), 

we obtain the Hamilton function with nonquadratic term: Ti.4{'i>, = 

/r3 |^(2;)|^<^2;, and the well known nonlinear Schrodinger's equation 

i^{t, x) = -^A*(t, x) + y(x)*(t, x) + a|^'(t, x). (21) 

ot 2 

However, PCSFT induces the class of Schrodinger-Hamilton equations 
which is essentially larger than the conventional class of nonlinear 
Schrodinger's equations with polynomial nonlinearities. For example, 
let us choose W4(*, *) = i(ri*, ^')(r2^', where Tj-.Q^n 
are J-invariant linear operators. We obtain the Schrodinger-Hamilton 
equation: 

5* - a 
i—=H^ + -[{Ti^, *)r2* + (Fs*, *)Fi^'] (22) 

On the other hand, in conventional nonlinear wave mechanics there 
were considered equations corresponding to Hamilton functions TCitp) 
which are not analytic (and even not twice differentiable) . The most 
important example are log-nonlinearities, see [13]-[16]. We shall come 
back to this question in section 7. 

7 An estimation of the small parameter 
a through theory of nonlinear Schrodinger 
equations 

The derivation of nonlinear Schrodinger equations in the standard 
Hamiltonian formalism (but on the infinite dimensional phase space) is 
an important consequence of PCSFT. Nonlinear Schrodinger's equa- 
tions were considered in many papers, see, e.g., [13]-[16]. And the 
problem of experimental verification was already studied [14], [16]. In 
PCSFT the parameter a can also be interpreted as the coupling con- 
stant for nonlinear perturbations of the Schrodinger equation. Hence, 
the upper bound for such a constant that was obtained in theory of 
nonlinear Schrodinger equations [14], [16] is also valid for the small 
parameter a of PCSFT. 

The main problem in applications of results obtained in [13]-[16] 
for evaluating the small parameter a of PCSFT is that research in the 
conventional nonlinear wave mechanics was mainly concentrated on the 
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equation with log-nonlinearity . I know only one paper on experimental 
estimation of the coupling constant for nonlog-nonlinearities, see [14] 
(Weinberg), but even in this paper finally there was considered the 
log-case. We recall that by reasons of locality the following equation 
plays the fundamental role in conventional nonlinear mechanics, see 
[15]: 

= --l^,^, + + h\-am'^^ (23) 
dt 2 ' ' ^ ' 

There was obtained the experimental estimate of the coupling constant 

6, see [14], [16]: 

|6| < lQ~^^eV. (24) 

We pay attention that is the Hamilton equation on with the 
Hamilton function 

'nQ{^) = \l [^5;^ + 6|vI/(x)|2(ln|^(x)|2-l)jd3x. (25) 

The main problem is that this function is not of the C^-class on the 
phase space $7 = L2(R^) x L2(R^). Therefore we could not use the 
Taylor expansion and apply directly our scheme of asymptotic dequan- 
tization. Nevertheless, let us try to proceed. 

We now should be careful with dimensions of quantities under 
consideration. By our interpretation [1] of the background random 
field iIj{x), the [^'(x)^ has the dimension of the density of energy: 
|'i/'(x)p ~ E/L^. Since for the conventional ^'-function, the |^'(2;)p 
has the dimension ~ ^/L^-, we have that a has the dimension of 
energy. Let us write a prequantum Hamilton function inducing the 
log-nonlinearity by taking into account dimensions of quantities. We 
start by repeating previous considerations for quantities with phys- 
ical dimensions. First we consider dynamics of the background ip- 
field. The Hamilton equation should be, in fact, written in the form 
= Ti'^tl^), where r has the dimension of time. We choose t = tp 

the Planck time. By setting now TCq{'^) = (^^^7i{^/a'^'), we can 
write our equation in the ^-system of coordinates 

^h-g^=^Qi'^) (26) 

For example, we know that for a nonrelativistic quantum particle in 
the QM-approximation: 

^qW=/ \^\V^{x)\' + V{x)\^{x)\^]d^x (27) 
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Therefore the corresponding prequantum Hamilton function: 



R3 



2mEp 



Ep 



(25 



Here we have used the relation: '^('0) = yw^j'^Q^^^)- ■^'^ '^^^l 
physical dimensions the log-term of see should be written 
as 

UQ{^) = bf \^{x)\'^{\na^\^{x)\'^ -l)d^x, (29) 
where a ^ L (since |^'(x)p ~ l/L^). Its prequantum counterpart 



?7(V) 



R3 



(x)|2(ln— |V(x)p-l)d3x. (30) 



It is natural to identify the energy 6-scale corresponding to the non- 
linear perturbation of the conventional Schrodinger equation and the 
a-scale. In this case 

b = a 



and 



Uq{^) = a I |^'(2;)|2(lna3|^ 

Jr3 



(x)p - l)d^x. 



(31) 
(32) 



Let fi G 5'symp(^^)- Then 



< Ti-Q >f,= -Tr cov> 



R3 



h2 

— A + V 
2m 

1 



^(x)|^(lna^|(x)|^-l)d^2; d/i(^) = -Tr covV H + o(l), 



a — > 0. Here H is the quantum Hamiltonian. This indirect estimate of 
a gives us: \a\ < 10~^^eV. Of course, this is only the upper bound and 
it might be that a should be, in fact, essentially less than W~^^eV. 



8 Hamilton function for conventional non- 
linear Schrodinger equations 

In the conventional nonlinear quantum mechanics, see [13], [15], there 
are considered equations of the form: 



—A+V+F 
2m 



(33) 
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In fact, the Hamilton function for this equation was given already 
in [13] (but without interpreting the equation H33|l as the Hamilton 
equation in the infinite-dimensional phase space). Following [] we set 
Ugi^) = Un^dMir^^^'dqFiq)). Then = F{\^{xr)^{x). 

We pay attention that Uq{^) is J-invariant. To apply our theory, we 
need at least the C^-class for Uq : J7 — > $7, thus at least C^-class for 
F : R ^ R. 

Results of this paper were presented in a series of author's talks 
on PCSFT - at Steklov Mathematical Institute of Russian Academy 
of Science (sections of mathematical and theoretical physics as well as 
the general institute's seminar), at Moscow Institute of Physical Engi- 
neering, at University of Mannheim (department of mathematics), at 
University of Bonn (department of stochastics), at Humboldt Univer- 
sity of Berlin (quantum optics laboratory). I would like to thank S. 
Albeverio, O. Benson, E. Binz, A. Ezhov, A. Slavnov, V. Vladimirov 
and I. Volovich for hospitality. 
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